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Abstract. It is known that positive definiteness is not enough for the mul- 
tidimensional moment problem to be solved. We would like throw in to the 
garden of existing in this matter so far results one more, a result which takes 
into considerations the utmost possible truncations. 



As we have already pointed out positive definiteness is not sufficient for a 
multisequence to be a moment one, neither in the case of real moment problem in 
more than one variable, nor for a complex one or any complex dimension; for the 
previous one we recommend the cult paper of Fuglede [5] , for the second mentioned 
[8] can be regarded as a source of information. Replacing it by solvability of a kind 
of truncations we gain necessary and sufficient conditions for the moment problem 
to be settled. It is worthy to say that truncations in the multivariable development 
have been considered from diverse points of view; let us have [3], [4], [TJ, |16j or 
[17j as a choice of references. 

1. Let M.{X) stand for the space of all regular complex Borel measures on a 
locally compact space X and let A4 a (X) be the collection of all positive measures in 
M{X) such that fi(X) = a. Consider M{X) with the a(M{X),Cb(X)) topologyH, 
where Cb(X) is the Banach space of continuous and bounded functions on X with 
the 'sup' norm; the topology is determined by the duality 

(P,.f) - / fdn, n G M(X), J G M h (X). 

One of the pleasant features of the <j(M(X),Cb(X)) topology is that M. a {X) is 
stable under the closure, another is that it coincides on A4 a (X) with the *-weak 
topology. 
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1 This topology is called 'weak' one in Probability and Stochastic Processes though it may 
sound oddly for people in Functional Analysis. 
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Let S be a linear space with a seminorm p. Set 

where Ai^ — A4(X) for every £ E S. Endow .Ms with the Tychonoff topology 
based on that of .M(X). Having E A^s define 

M£,r) = i(^?+r, - MS-tj + i/^+i'? - IMC-ir,), (1) 
The following selection result is in0 [llj . 

Theorem 1. Let A4 C -Ms fee a nonempty set and let p be a seminorm satis- 
fying the parellelogram low 

Pit + v? + p(€ - ?/) 2 - 2(p(£) 2 + pW 2 ), £, »? G s. 

Suppose {fj,f}f £ A4 implies 

(i) € S as well as {t~ 2 fi t ^}^ E M for t E R \ {0} and {i/i£ +J) + 
- M»?}e eMforr/E S; 

(ii) ^ = 0, ^ +r) + fj,^ n - 2fi n > 0; 
(hi) /i C (X)=p(0 2 ,€eS. 

TTien i/iere is {fJ-^}^ E cloconv(A'J) such that 

jU£>0, +A*?-r, = 2((i£ + fir,), Hzt, = \z\ 2 jUf, £,,r/ES,zEC. (2) 

Consequently, for every Borel subset a of X the mapping, cf. (flj) . 

-> fJ-i,v( a ) ( 3 ) 
is a positive Hermitian bilinear (—positive sesquilinear) form on 3 and 

^,dx)=p(0 2 , (4) 

The proof relies on Markoff-Kakutani fixed point theorem. 

Remark 2. If is as in the conclusion of Theorem [T] then 

IM£,t;(c)| ^ p(Op(v), e " CT a Borel subset of X. 

Indeed, by the Schwarz inequality applied to the mapping of (jSJ and then by Q 
we have (apparently fi^ = fi^ due to (JTJ) and 

l/i^Ca)] 2 < ^(a)/i n (a) < Me(*KP0 < p(£) 2 p(r?) 2 . 

2 Actually it is stated and proved there for the *-weak topology in A4(X), however the proof 
brings over verbatim to the a(M(X), C\,(X)) topology case. As an immediate consequence we 
can replace inequality in condition (iii) of 1111 by equality and this results in equality in (b) here 
(notice that due to (ii) the measures involved are positive). Also we replace norm by seminorm 
which is still acceptable due to our general version of Jordan— von Neumann Theorem therein. The 
method is flexible enough to tolerate all these changes. 
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2. For n = (m, . . . , rid) G N d , 2V = {0, 1, 2, . . . } here, and for x = (x\, . . . , Xd) € 
R or C we hold up the notation: \n\ = n\ + ■ ■ ■ + rid and x n = x" J . . -x a d d . More- 
over, a bit perversely, oo =(oo, . . . , oo). Notation for the basic zero-one d-tuples is 
shortened to 

ei=(5 m>i )l=i, i = l,...,d. (5) 
A d-sequence (a n )%L , a n — a„ lj ... i „ d , is said to be (d-dimensional real) moment 
one if there is a positive measure ii on R d such that 



a n = x n 

jR d 



^i(dx), n G 



Likewise, {c m ,n)m n =o ^ s to be a (d-dimensional complex) moment 2d-sequence 
if there is a positive measure v on C d such that 



»,„ = / z m zV(dz), m,neN d . 



Apparently there are two definitions of positive definiteness: for (a„)^L as well as 
for ( 

c m,n)m,n=o- These multiscquences have to satisfy the following conditions 

y~] a m +n£ m £n > for any finite sequence of (£„)„ C C (PD R ) 

* — 'm,n 

or 

£kj ^ for any finite sequence CC. (PD C ) 

It is commonly known that positive definiteness is sufficient for a multisequence to 
be a moment one but it is not necessary except the 1-dimensional real case. Our 
goal here is to present necessary and sufficient conditions for the moment problem 
to be solved. 

Let E denotes the linear space of all cZ-sequences (£ n )|n|>o °f complex numbers 
which are zero but a finite number. 

For £ = (£„)„ € E define new multisequences (a£)£L and (c| l n )^ n=0 as 
follows 

a i = ^2 a n+k+i£,kti, 4n !n = ^2c m+k ,n+l^l, m, n E N. (6) 

Let us set 

Ni^fe: |fcKl}. 

Theorem 3. A d-sequence (a„)^L is a moment one if and only if there is a 
family {/Uj}{gH of positive measures on K. d such that 

4= f x n fj, 6 (dx), neN 1 U2N 1 (7) 

and 

fi = 0, nz+r, + (J-t-n - 2th, > 0, £,r) G E. (8) 
The twin result, concerning the complex moment problem is as follows 

Theorem 4. ^4 Id-sequence (c m ,n)m n=o * s a moment one if and only if there 
is a family {^j^es of positive measures on C d such that 



„= / ^"^(dz), m,neNi 
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and 

Mo = 0, nt+n + Mf-17 - 2/^ > °= £> £ 

There is a rather formal link between 2d-dimensional real moment problem and 
d-dimensional complex one (see, Proposition 57 in [§]) however on the operator 
level, which is pretty often used in proofs, it becomes fragile. Fortunately, the 
proof of Theorem [4] goes the same way as that of Theorem [3] otherwise a reader 
may elaborate the aforesaid link for him/herself. 

3. Proof of Theorem [3l Putting n = in we get (PD K ). This allows us 
to construct a reproducing kernel Hilbert spaced W, say, composed of sequences of 
complex numbers. More precisely, after defining at n \ ={a n +k)k the scalar product 
of H is given as 

(O(m) > a (n)) =a m +n, m,neN d . 
The space T> = lin{a(„) : n G N d } is dense in Ti and 

4n+n = (Xl fc ^ a ( m + fe )'5Z / ^ a (™+ i ))' m > w eN d . (9) 

Define on S a seminorm p by 

p(0 = II X) fc &<*(*) ll> £ = (&)fcGS 

and by ( ■ , — ) p the related semi-inner product. 

Remark 5. It is clear that p(£' — £") = if and only if £' - (" e 4 where 
Zi={(6)fc G 53&a m+ jt = for all m G N d } = {(£ fe ) fe G S: ^ Cfe«(fc) = 0}. 

k k 

The set S is apparently a linear subspace of 5 and so is S = S/A Moreover, S is 
a unitary space, the mapping 

h: S3 ^2 k £,kd(k) G 2? 

is well defined and becomes a unitary operator between S and T> 

If is defined by means of all fie, ( G S, determined by |0 and (|8|), then 
there is a matter of direct verification to check that all the assumptions of Theorem 
131 are fulfilled; in particular M. is non empty (notice that © with £ = forces the 
measures ^ to be positive). Now it is a right time to make use of Theorem [T] 
However, before doing this notice that M. is already a convex set. So we have got 
a family {/i^}^ of positive measure such that 

{fi £ } £ G clo(M). (10) 

and ([3|) as well as (J4j) hold true. In particular, sesquilinearity in condition (|3|) 
of Theorem Q] supported by Remark [5] allows us to define the family {[if}f£T> by 
\if = Mft(|j which is a well defined measure as long as £ G h^ 1 {f) = £ G S, cf. 



Though elements of the RKHS approach can be traced on many occasions we would like to 
advertise here |14| . at least for those who can read it. 
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Remark [50. This brings us back to the Hilbert space Ti with ([3]) to be satisfied 
after replacing £, rj by /, g and the semi-norm in ((4|) to be the norm of Ti. Now by 
standard means we extend fj,f. g to the whole of Ti and find a semispectral measure 
F in Ti such that 

m/j = <*"(•)/,$>, /.sew. 

With the shorthand notation (|5|) in mind define the operators Aj with domain 
V(A l ) = T> by Aidt m ) = a (m+ei) ■ The operators Ai are symmetric, I? is invariant for 
each of them and they commute pointwise on T>. With A n = A™ 1 ■ ■ ■ A n d d we have 
by © 

°« = < A "E fc ^ a W'E 1 ^ a (o)' neN ^ eS - ( n ) 

Due to (jlOp . after all those identifications, we can say for any / 6 T> there is a net 
{nf} a C such that 

pd/*?-/ ¥>d(F( •)/,/>, ^eCb(M rf ). (12) 

Let -E be a spectral measure which the Naimark dilation of F living presumable in 
a larger space JC and let Bi be defined as 



(B iX ,y) K = [ t l {E{dt)x,y) Kl x S T>{B), y GTi, \i\ = 1 



each with its maximal domain. We want to know _Bj's arc sclfadjoint extensions of 
Aj's. For this we use Lemma |6] twice. 

First we show that T> — T>(Ai) C T){Bj), i = 1, . . . , d. For this the working part 
of condition 1° of Lemma [5] applied to <!>(t) = \ti\ 2 reads as 

|ti|V/(dt) = 4 ei / |*i| a (B(dt)/,/)x:<< 



which means that / is in the domain of Bi . Now according to the definition of M. 
we have, by 2° of Lemma [H 

(AJ, f) - (BJ, f)= f x t d M ? - / ^(£(d.x)/, /> = 

as well as 

(A i f,A i f)-(B i f,B i f)= [ \U\ 2 ii a } {dt)- ( \U\ 2 {E(dt)f,f)=0 

All this gives us Ai C Bi for i = 1, . . . , d, cf. |15[ §5]. 

Now, because V is invariant for every A n it is so also for B n . Thus, due to 
(fTTj) . using multiplicativity properties of spectral integrals (see, Theorem 4, p. 135 



The reason we have had to make the quotient operation at this stage is not because the proof 
would not work. It is grounded upon incomparably deeper circumstances. For the 1-dimcnsional 
real case people pretty often neglect this assuming additionally that A = {0}. While this does 
not cause too much pain (except aesthetical discomfort), in the others it may generate great loss: 
the would-be moment measures supported on real algebraic sets, regardless the moment problem 
itself is real or complex, may be out of game - those important measures are just encoded in zA, 
for much more on this look at [2] and [13] ■ The RKHS approach shows sign of its might! 
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a„ = (yTa (0) ,a (0) ) = (5™a (0) , a (0) ) = / x(E(dx)a {0) ,a {0) ) = x n fj,(dx), 

with /i = (i 7 '( • Wo) , fl(o))- Thus (a n ) n is a d-dimensional moment o?-sequence 
according to our wish. 

The 'only if part is a matter of straightforward verification. □ 

4. Let us prove the main ingredient of the above proof because it may be 
interesting and useful for itself. For a topological space X denote by C C (X) the 
space of all continuous complex functions with compact support. 

Lemma 6. Let X be a locally compact Polish space. If <fi is a continuous complex 
function on X, {/i Q } Q is a net in M\{X) and fj, is a positive measure. Consider 
the limit 



lim a / y>d/x Q — / ipd/i. (13) 
Jx Jx 

1° If (|13|) holds for every ip £ C C (X) and J x 4>dji a ^ c uniformly in a then 

J x ipd/j. ^ c provided </> 0; 
2° if (| 13(1 holds for every if e Cb(X) and J x <fid[i a — > a then J x (pdfi = a 

provided cj> is such that J x \<fi\ 2 d/i Q ^ c uniformly in a. 

Proof. Consider a sequence (ifik)k € C C (X) such that ^ (fk /" 1 pointwise. 
Then the sequence {swpp(pk}k of compact sets nests X. 
Taking the limit passage of the left hand side of 

(fik(f> dfi a < / 4>dfi a < c 
x Jx 

first in a then in k we come up to 1°. 

For 2° take ifk(z) — 1 and write 



/ 4>dfj,\^\a- (/)dfj, a \ + | / (1 - ip k )^dfj, a \ 
Jx Jx Jx 



ip k 4>d(jx a - fi)\ + | / (tpk - l)(f>d(j,\. 
x Jx 

The second term plays the most sensitive role so let us treat it as follows. 

By the theorem of Prokhorov ([6], theorem 6.7, p. 47 or [10] . p. 121) for a given 

e there is a compact subset K of X such that (i a (X \ K) < e for any a. Now, pick 

up fcp so that ifk — 1 on K for k > ko and write 



(1 - ipk)(j)d^ a \ < | / (1 - < y 3fc)0d^ Q | + | / (1 - v ? fc )0d^ Q | 

< | / (1 - <y5fc)0d/X Q | 

Jk 



I |1 - y>fe| 2 d/i Q / |0| 2 d^ Q 

^A\_ff JX\K 
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Notice the evaluation holds for all a's uniformly in k > ko. Because of this we 
can start with evaluating the forth term going beyond ko, if necessary, and being 
backed by the Schwarz inequality 

|/ - l)0d M | 2 f \ip k -l\dn f \^\ 2 d^i 
Jx Jx Jx 

and 1°, then fixing k in the third make this, fix a in the first and finally take the 

advantage of the evaluation for the second. □ 

5. We admit that the machinery we have used is pretty heavy. This is so 
because we have patterned our proof on the content of 11 and that concerns 
operators. We may have a hope it can be done in more direct way and this may be 
a kind of challenge. 

At first glance it looks like our result is of different nature than of [9] . Instead of 
solving all the truncated moment problems coming from a given multisequence, as 
required in [9], we confine ourselves to the (family of) the very initial truncations. 
As both approaches provide us with necessary and sufficient conditions they stim- 
ulate a question of comparing their usefulness. If one agrees a truncated moment 
problem should be solved in finitely supported measures to make things easier, our 
truncations lead to algebraic conditions of order at most 2; however there is a fam- 
ily of them to be solved, all of them subject to the constrains of the type JHJ. We 
count on the invitation to be accepted. 

Aknowlegments. The main result of this paper was mentioned on several oc- 
casions. It was put forward for the first time already during the combined 1996 
Iowa events: Workshop on Recent Developments in Moments and Operators and 
AMS Special Session on Moments and Operators; the last presentation was at the 
Edwardsville 2006 conference, since the latter author's glimmer of hope to give it 
a matured written form has materialized in this account. 

The author would like to acknowledge his appreciation of Jan Stochel's remarks 
on the previous version of this paper. 
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